We study out-of-time ordered four-point functions in two dimensional conformal field theories by suitably analytically continuing the Euclidean correlator. For large central charge theories with a sparse spectrum, chaotic dynamics is revealed in an exponential decay; this is seen directly in the contribution of the vacuum block to the correlation function. However, contributions from individual non-vacuum blocks with large spin and small twist dominate over the vacuum block. We argue, based on holographic intuition, that suitable summations over such intermediate states in the block decomposition of the correlator should be sub-dominant, and attempt to use this criterion to constrain the OPE data with partial success. Along the way we also discuss the relation between the spinning Virasoro blocks and the on-shell worldline action of spinning particles in an asymptotically AdS spacetime.
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Introduction
It is empirically clear that field theories with a large number of degrees of freedom (measured e.g., by the central charge) and a sparse spectrum of low-lying operators satisfy necessary criteria to have a dual description in terms of gravitational dynamics in AdS. While it has been conjectured that these criteria are also sufficient [1] , it is far from obvious that these criteria alone would suffice. For one, the spectral information is a rather crude characterization of the field theory; one is still missing information about the operator algebra, encoded for example in the operator product expansion, which tells us what the relative likelihood of physical interactions in the theory is.
To proceed further, one needs to be a bit more specific about what is meant for a theory to be holographic. The large central charge c 1 is supposed to serve in general as a proxy for a suitable planar expansion, with an effective Planck's constant /c, guaranteeing a classical description (in a saddle point sense). This classical description, per se, does not have to be local; it could be a classical string theory with a finite string scale s . For instance, the symmetric product of N copies of the compact free boson in (1 + 1)-dimensions has a central charge c ∼ N which can be made large, and satisfies the sparseness criterion [2] , but is expected to be dual to a classical (tensionless) string theory at the orbifold point (cf., [3, 4] ). With sufficient supersymmetry there is a moduli space of vacua, wandering off along which is expected to bring one to a point where the string theory description collapses onto classical supergravity, but this is non-generic.
One can therefore ask, what are the quantifiable features that allow a given field theory to admit a classical gravitational holographic description, preferably with a two derivative gravitational action, a la Einstein-Hilbert. While we do not yet have a ready answer to this question, many groups have tried to sharpen this by examining various observables, with the hope of extracting the essential features. In what follows, we will examine a particular observable, the chaos correlator in (1+1)-dimensional CFTs (henceforth CFT 2 ), to gain some insight into this question.
The chaos correlator is an out-of-time-order (OTO) correlation function probing a thermal state (at temperature β −1 ), of the form C(t, x) = W (t, x) V (0, 0) W (t, x) V (0, 0) β aimed at measuring how a change in initial conditions propagates in quantum state. For ergodic field theories, it is argued that C(t, x) decays exponentially around the scrambling time t * ∼ β log c, viz.,
This behaviour is seen in holographic examples where black hole physics dictates that the Lyapunov exponent λ L = 2π β . In a seminal paper [5] , it was argued that the holographic answer arising from black holes is an upper bound and in general λ L ≤ 2π β with black holes attaining the optimal value. 1 The arguments for the bound rely on analytic properties of thermal correlation functions. Inclusion of string theory effects is expected to lower the Lyapunov exponent, with λ L = 2π β 1 − γ s 2 s R 2 for some γ s ∼ O(1) and R being a characteristic curvature length scale [9] .
Let us now take stock of what is known about the chaos correlator in field theories. As mentioned earlier we have quantum mechanical models like SYK which saturate the bound. In (1 + 1) dimensions, there are some generalized SYK models which do not saturate the bound, but rather attain λ L ∼ 0.6 2π β [10] [11] [12] which is consistent with a classical string holographic dual. The symmetric product orbifold alluded to earlier however gives λ L = 0 belying its integrable nature at the orbifold point [13] .
Of interest to us however is the set-up considered in [14] who focused on CFT 2 s with large central charge. Specifically, they examined the Euclidean correlation function V V W W β in an OPE channel V V → O h → W W , with intermediate operator O h . By truncating the correlator to include only the identity operator O 0 = 1 and its Virasoro descendants, which assumes the low-lying spectrum is indeed sparse, they were able to show that upon analytic continuation to the appropriate Lorentzian out-of-time-order, one obtains the desired form of the chaos correlator with maximal Lyapunov exponent. This is due to a delicate cancellation between the contribution from Virasoro descendants of different spins, since each spin-s global primary operator contributes to the OTO correlator an exponential factor e 2π β (s−1)t , which for s > 2 violates the chaos bound. At first sight, this seems reasonable, for the truncation to the Virasoro vacuum block contribution is tantamount to focusing on graviton exchange in the bulk and ignoring others. A moment's reflection however reveals a problem: the cross ratio of the OTO four-point function at the scrambling time t * is exponentially close to the boundary of the radius of convergence of the operator product expansion (OPE). 2 One expects the contributions from the non-vacuum blocks to the four-point function would become important. Furthermore, it does not follow that in the physical result only the graviton exchange dominates (the latter would require that in the V W OPE can be truncated to sole vacuum contribution, which will not hold universally). Subsequent investigations have focused on subleading corrections [15] while more recent work [16, 17] explores the limitations of the vacuum block truncation ansatz for the chaos correlator. 3 Our interest in the current work will be to make a careful analysis of the non-vacuum contributions in the Euclidean correlator, and implications thereof in the out-of-time-order observable of interest. We start by noting that it was already anticipated by [14] that nonvacuum blocks could in-principle have a significant contribution around the scrambling time upon analytic continuation. We will first verify this explicitly by taking into account the contributions from non-vacuum primaries. This has also been confirmed independently in recent works [16, 17] . A technical aid we will employ is to use Zamolodchikov's recursion relation [20, 21] to obtain the non-vacuum blocks numerically to a good accuracy (using results of [15] ) to enable make firm predictions. Specifically, we will see that the deviation from the vacuum block result depends on the spin of the light non-vacuum primaries in the spectrum.
Knowing the individual blocks however is insufficient for our purposes. Had there been a finite number of non-vacuum primaries, we would have trouble in estimating the chaos correlator in Lorentz signature, especially if each individual block had large contribution to the correlator. What hopefully saves the day is the fact that the CFTs of interest have an infinite number of primaries. While each is locally more important, summing over all of them with the correct OPE coefficients should result in a sub-dominant contribution. This is for example analogous to the net phase shift induced in forward scattering amplitudes in flat space, where individual higher-spin states give more and more dominant contribution, while the resummed answer is bounded by unitarity (see eg., [22] ). Assuming therefore that we have an infinite number of primaries contributing, ideally we can bound their density and their OPE coefficients by demanding that the truncation of [14] indeed gives the physically acceptable answer. While the density of primaries will have to obey the sparseness condition, we would learn of new constraints on the OPE coefficients (which should be stronger than simple factorization statements).
We set-up the problem of putting bounds on OPE data, and will show that the contributions from very heavy primaries and large spin primaries in the intermediate states are innocuous. This is done by explicit evaluation of the conformal blocks to get a good estimate, and uses some recently derived bounds on the growth of OPE coefficients [23, 24] . We are also able to estimate the contribution of the light intermediate operators, and find the need for a conspiracy between them and the moderately heavy intermediate states for the vacuum block to provide the correct answer post analytic continuation. The somewhat sticky point of our analysis is an inability to find useful bounds for intermediate primaries which are moderately heavy h ∼ c. Here the problem we encounter is a technical obstacle -we have not managed to obtain a useful estimate of the conformal blocks themselves. We do try to exploit semi-analytic bounds on the conformal block data (see [25] [26] [27] [28] ) to provide an estimate, but find that the results known thus far are too limiting to get a handle on the behaviour of the blocks on timescales of order the scrambling time (they do give a handle on the very late time behaviour of the correlator).
The outline of the paper is as follows: In §2 we will review the basic features of the chaos correlator, and revisit the analysis of [14] to set the stage for the discussion. §3 is devoted to demonstrating the limitations both analytically and numerically of the truncation to the vacuum block contribution to the Euclidean OPE prior to analytic continuation. In §4 we attempt to put bounds on the OPE data, though as advertised, our attempts will only be partially successful. Following this in §5 we take the opportunity to revisit the geodesic computation of the conformal blocks and show how spinning particles in the bulk AdS 3 can be used to reproduce the results derived in §3 and conclude with a brief discussion in §6. The Appendices A and B are devoted to providing details of the spinning particle analysis, while Appendix C computes the Euclidean block for completeness.
Review of OTO correlators in 2d CFT
To set the stage for our discussion we will quickly review some salient facts about four-point functions in CFTs. We will start with the Euclidean correlation function, which can be analytically continued to the OTO regime as discussed in [14] . We will revisit some of the features of the OPE expansion and review a useful change of variables introduced in [21] which makes the analytic and convergence properties of the correlator manifest. Finally, we discuss the chaos correlator in the limit when two of the operators are heavy and two others light, and illustrate the central claim of [14] that the truncation to the vacuum block contribution suffices to capture the Lyapunov behaviour of the correlator.
Euclidean correlators and OTO observables
Consider a Euclidean four-point function of two identical primary operators W and another two identical primary operators V of conformal weights (h w ,h w ) and (
where the variablesz i are fixed to be the complex conjugate of z i , i.e.z i = z * i . Away from the coincident points z i = z j for i = j, the four-point function is an analytic function of the variables z i ∈ C. Conformal symmetry constrains the four-point function to take the form
where z andz are conformal cross ratios 3) which are invariants of the global conformal group SL(2, C). The four-point function admits a decomposition in terms of the Virasoro block,
where the sum runs over all the Virasoro primary operators O a that appear in both the W × W and V × V OPEs, and h a ,h a are the conformal weights of the Virasoro primaries O a . In the small z limit, the Virasoro block F(h w , h v , h a ; z) has the expansion 5) where the leading contribution comes from the primary operator O a . 4 The complex plane can be conformally mapped to a cylinder by z = e 2π β (x+i τ ) andz = e 2π β (x−i τ ) , where the imaginary time coordinate τ has periodicity β. 4 When we need to refer to a generic operator appearing the OPE expansion we will also refer to it as O and use (h,h) for its conformal weights for simplicity.
We are interested in the out-of-time-order (OTO) four-point function
which is related to the Euclidean four-point function (2.1) by an analytic continuation. In general, an Euclidean correlator can be analytically continued to a Lorentzian correlator by relaxing the conditionz i = z * i . As a function of the independent complex variables z i and z i , the correlator has singularities at either z i = z j orz i =z j for i = j, where the operators are light-like separated. There are branch cuts extending from these light-cone singularities. When analytically continuing to a Lorentzian configuration with time-like separated points, the path of the analytic continuation needs to be chosen to avoid the light-cone singularities. Different path choices give Lorentzian correlators with different operator orderings. 5 This is equivalent to Wick rotation with an i -prescription
where in our convention the operators are ordered by their "imaginary time" i . For the case of our interest, the Euclidean four-point function (2.1) is Wick rotated to the OTO four-point function (2.6) by
with imaginary times i ordered as 1 < 3 < 2 < 4 . In the region −x < t < x, all the operators are space-like separated. At t = x, the operators W 's are at the future lightcone of the operators V 's. At t > x, the operators W 's and V 's are time-like separated, and the ordering of the operator in the four-point function is determined by the ordering of the i . In terms of the cross ratios z andz, the light-cone singularities at z 1 = z 2 , z 4 , z 3 (or z 1 =z 2 ,z 4 ,z 3 ) correspond to z = 0, 1, ∞ (orz = 0, 1, ∞). The function G(z,z) of independent complex variables z andz has branch cuts extending from the z = 0, 1, and ∞, which can be chosen to lie on (−∞, 0] and [1, ∞) . We are interested in the process when the W operators approach the light-cone of the V operators, which occurs at t = ±x and correspondingly at z = 1 orz = 1. The cross ratio z expanded at the light-cone t = x as
(2.9)
As the time t increases from −x < t < x to t > x, the cross ratio z moves across the branch cut on [1, ∞) from the upper half complex plane to the lower half complex plane. By a similar analysis, one can find that as the time t decreases from −x < t < x to t < −x the cross ratiō z moves across the branch cut on [1, ∞) from the lower half complex plane to the upper half complex plane.
OPE convergence and pillow coordinate
The four-point function with the cross ratios z andz as independent complex variables is defined on a branched cover of the space C × C. The OTO four-point function (2.6) and the Euclidean four-point function (2.1) are related by an analytic continuation along a path that crosses the branch cut at z ∈ [1, ∞). The Virasoro block expansion (2.4) of the Euclidean four-point function, while by construction converges in the unit disc |z| < 1, is not obviously convergent under the analytic continuation. In [32] (see also [33] ), it was shown that the Virasoro block expansions of general four-point functions converge under arbitrary analytic continuations. Let us demonstrate this for the analytic continuation from the Euclidean four-point function (2.1) to the OTO four-point function (2.6). Consider the following change of variables to render the four-point function (2.2) single-valued, 10) where the variable q is called the elliptic nome. The Virasoro block F(h w , h v , h; z) has a natural expression in terms of q [21] g
where the function H(h w , h v , h; q) admits a series expansion in q 2 with the leading term H(h w , h v , h; 0) = 1. Furthermore, in the limit h → ∞, the function H(h w , h v , h; q) goes as
We have found it convenient to also introduce a shifted central charge c, 13) to declutter subsequent formulae. The points z = 0, 1, ∞ in the z-plane are mapped to the points q = 0, 1, −1 in the q-plane. The entire z-plane is mapped to a compact region in the q-plane inside the unit circle |q| ≤ 1, which is shown as the blue shaded region in Fig. 1 . The branch cut from z = 1 to z = ∞ is mapped to the boundary of the blue shaded region. On the q-plane, the analytic continuation from the Euclidean four-point function (2.1) to the OTO four-point function (2.6) is along a path starting from a point in the blue shaded region to the white region inside the unit circle on the upper half plane. The point t = ∞ is mapped to q = i. The convergence of the Virasoro block expansion (2.4) along the interval z ∈ [0, 1] implies a bound on the OPE coefficients of operators of large dimensions
More precisely, there exist a positive number Λ such that the inequality (2.14) holds for all the operators O whose dimensions h andh satisfy h,h > Λ. This condition also implies the convergence of the Virasoro block expansion along the analytic continuation from the Euclidean four-point function (2.1) to the OTO four-point function (2.6).
The function H(q) has a nice interpretation as the Virasoro block of the four-point function on the pillow geometry T 2 /Z 2 [32] . The T 2 can be viewed as an elliptic curve inside C 2 with the coordinates (x, y) is defined by 15) which can be viewed as a double-cover of the Riemann sphere branched at 0, z, 1 and ∞, where x is the coordinate of the base Riemann sphere C. The Z 2 action is generated by y → −y. The map from the Riemann sphere C to T 2 /Z 2 is explicitly given by 16) where u is the coordinate of T 2 /Z 2 , which takes complex values with identification u ∼ u + 2π ∼ u + 2πτ and the Z 2 identification is u ∼ −u. The positions of the operators (0, z, 1, ∞) are mapped to (0, π, π+πτ, πτ ). Taking the conformal anomaly factor into account, the four-point function on T 2 /Z 2 is given by
The four-point function on T 2 /Z 2 admits a decomposition into Virasoro blocks as 6
(2.19)
Semiclassical heavy-light limit
We have now assembled the ingredients to review the analysis of [14] relating to the OTO four-point function in the semiclassical heavy-light limit. The semiclassical limit is defined by the c → ∞ limit with 
The heavy-light limit is defined on top of the semiclassical limit by further taking The semiclassical Virasoro block in this limit was computed exactly in [34] . Defining
one finds the function f from which we can extract
If we further take the small z and small hw c limit of the heavy-light semiclassical block
We have used the identity
The exact formula for the heavy-light semiclassical block allows us to preform the analytic
In the small z and small hw c limit, the analytic continued heavy-light semiclassical block (2.24) behaves as
Putting everything together, the OTO four-point function is given by
where ≈ denotes the heavy-light semiclassical limit followed by the small z and hw c limit.
Chaos from the vacuum block
We are interested in the intermediate time behavior of the OTO four-point function around the moment t ∼ t * x ≥ 0, where t * is the scrambling time
To examine this limit, let us first rewrite the Virasoro block expansion of the four-point function by isolating the contribution from the vacuum block as
where we have used the formula of the cross ratios z andz for t x,
where
The vacuum block G 0 (x, t) was studied initially in [14] and then re-examined by [13, 15] . We see that the vacuum block G 0 (x, t) starts to decay exponentially when the time t approaches the scrambling time
The decay rate of the OTO correlator sets the Lyapunov exponent, which can be read off from (2.29) to be
which saturates the universal bound on chaos [5] , viz.,
As argued in [14] the contribution from the vacuum block suffices to obtain this result. However, in the late time limit, the pillow coordinate q goes as
which approaches the boundary of the radius of convergence of OPE. Hence, one expect the contributions from non-vacuum blocks become important when t ∼ t * 1. The rest of the our discussion will be devoted to bounding the contribution from the non-vacuum blocks.
Contribution from non-vacuum blocks
We have seen that truncating the Euclidean correlator to the vacuum block contribution, and thence analytically continuing the result to the Lorentzian OTO domain appears to agree with the classical gravity computation involving shock-wave states first carried out in [35] . One might a-priori view this as being due to the fact that the semiclassical computation only cares about gravitational interactions, and thus should match with the results of the vacuum block. This is however misleading owing to the analytic continuation involved: it is unlikely to be the case that the vacuum block contribution in the Euclidean OPE channel is simply the graviton exchange in the semiclassical Lorentzian OTO channel.
Our first task is to ask what is the contribution from the non-vacuum blocks and whether one can come up with constraints on the OPE coefficients to bound their contribution in a suitable way. Let us first start by noting some of the salient features of non-vacuum blocks.
Timescale for non-vacuum block decay
The contribution G h,h (x, t) from a non-vacuum block of dimension (h,h) contains an exponential factor
which is small when
The conditions (2.31) and (3.2) overlap for scalar primaries ( = 0). Let us focus on the case x = 0 and h ≥h, and introduce the dimension, spin, and twist, respectively, of the intermediate operators, viz.,
We have then
For primary operators with finite twist and large spin, the inequality (3.2) becomes
which has no overlap with (2.31). This naïve estimate should also be supplemented to include the contribution from the OPE coefficients. As discussed in the previous section, the OPE coefficients of operators of large dimensions satisfy the bound (2.14). Assuming the bound is saturated, the term
Let us again assume x = 0, large positive spin and finite twist. We have
Since the scrambling time t * = β 2π log c is much larger than β 2π log 16 in the large c limit, the inequality (3.5) remains unaffected. So all told, we see that if we have operators of large spin and finite twist, then the time scales for vacuum block dominance get pushed away from the scrambling time to (3.4) . This was already noted in [14] (for the global blocks) and revisited recently in [16, 17] .
It was shown in [36] that, for unitary (compact or non-compact) 2d CFTs with c > 1 and an SL(2) invariant normalizable vacuum, there are infinitely many large spin primaries whose twists accumulate to c−1 12 . By this result, for any t there are always infinitely many operators with large enough τ that violates the inequality (3.5). Hence, the contribution of them to the four-point function are large compared to the contribution from the vacuum Virasoro block. However, one should notice that in deriving the inequality (3.2), we have used the formulas (2.22) for the Virasoro blocks, which is only valid when c h ≥ 0 in the large c limit. In §3.2, we compute the Virasoro blocks in the q expansion numerically in high powers, and demonstrate that the contributions from large spin and low twist blocks individually are larger than the contribution from the vacuum block.
Numerical results
We can explicitly check the contributions of the non-vacuum blocks by exploiting the representation of the Virasoro blocks in the pillow coordinate [21, 32, 37] reviewed in §2.2. The explicit parameterization is given in (2.11). The key fact we need is that function H(q) satisfies H(0) = 1 and admits an expansion in q 2 , where the expansion coefficients can be computed very effectively by Zamolodchikov's recursion relation [20, 21, 37] . Using the C++ implementation in [38] , we compute the q-expansion up to O(q 3000 ). 7 The representation (2.11) of the Virasoro blocks is particularly useful when we study the four-point function on different sheets. Let us consider the analytic continuation (1 − z) → e −2πi (1 − z). We use the standard z ↔ (1 − z) formula of hypergeometric function to simplify the function K(z) introduced in (2.10). We have
where f (z) is an analytic function in the neighborhood of z = 0. Hence, we have
The Virasoro blocks after analytic continuation are given by the formula Armed with these results we can compute the Virasoro blocks numerically. We have considered central charge c ranging between 100 − 2000 and external operator's dimensions h v = h w of order 1. At t t * = β 2π log c, the Virasoro blocks are approximated by the global blocks. As shown on the left of Fig. 2 (for c = 2000) , the vacuum Virasoro block is close to 1 at t = 0 and remains a constant for small t. When t becomes of the order t * , the vacuum Virasoro block decreases to zero. A comparison between the numerically computed vacuum block (3.10) and the semiclassical heavy-light vacuum block (2.29) is shown on the right of Fig. 2 . We can see that even though our configuration with h w = h v = 1 is not in the heavy-light limit, the formula (2.29) of the semiclassical heavy-light vacuum block is still a good approximation.
The non-vacuum blocks are exponentially larger than the vacuum block in a range of time 0 ≤ t ≤ t s , and the time t s increases when the spin = |h −h| of the non-vacuum blocks increases, precisely as predicted from the analytic arguments in §3.1. This is depicted in Fig. 3 where we plot the ratio of the contribution from the non-vacuum block to the vacuum block for various choices of dimensions. ). Increasing dimensions h of the exchanged operators are shown from green to red.
Bounds on non-vacuum contributions
We have see that the non-vacuum blocks have non-trivial contributions around the scrambling time. We might wonder if we can bound their combined effect to remain sub-dominant. This requires on the one hand, getting a handle on the OPE coefficients, and on the other hand a more accurate estimate of the block themselves, prior to analytic continuation. We will undertake this in a couple of steps. In §4.1, we illustrate features that are transparent if we have operators with zero twist contributing to the OPE, as exemplified by theories with higher spin conserved charges. In §4.2, we proceed with a very naïve resummation over Virasoro blocks, and show that it gives λ L = 2π β . Subsequently in the remaining subsections, we will try to refine our estimates, by isolating different domains in the conformal weights of the intermediate operator being exchanged.
Higher spin theories
Consider a CFT with higher spin conserved currents in its primary operator spectrum. The higher spin currents have zero twist and finite spin. Hence, if they contribute to the V V W W four-point function, by the condition the condition (3.5), the Virasoro blocks associated to the higher spin currents would always dominate over the Virasoro vacuum block.
One can instead study the vacuum block associated to the higher spin algebra generated by the higher spin conserved currents. It was shown in [13] that for a theory with higher spin conserved currents of bounded spin s ≤ N , the vacuum block of the higher spin algebra still exhibits a decaying behavior after the scrambling time t * , but with the Lyapunov exponent is given by
which violates the bound (2.33) for N > 2. On the other hand, for a theory with higher spin conserved currents of unbounded spin, the vacuum block of the higher spin algebra does not decay in late time [13] . In other words, the Lyapunov exponent is zero. 8 The vacuum block of the higher spin algebra can be decomposed as a sum over Virasoro blocks weighted by OPE coefficients. In the above two cases, we see that different sums over the Virasoro blocks can lead to very different Lyapunov exponents.
A naïve resummation
Let us first preform a very simple-minded resummation over the Virasoro blocks, by making three drastic assumptions:
• First, we assume that CFT has a gap (h gap ,h gap ), and above the gap is an integer spectrum on h andh. 9
• Second, we declare that the OPE coefficients saturate the bound (2.14)
• Third, we use the explicit formulae (2.26) and (2.29) for the Virasoro blocks in the semiclassical heavy-light limit.
Note that in typical CFTs the second assumption is only valid when h,h c; the third assumption however holds when h,h c. Despite them not having a common regime of overlap, we will nevertheless proceed with these two estimates, if only to outline, in an uncontrolled approximation, a scenario where the resummation 'works'. 8 The vanishing of the Lyapunov exponent holds for theories with higher spin symmetries which nevertheless have a sparse spectrum as noted in [13] and reconfirmed in [39] for permutation orbifolds.
9 When hgap = hv + hw andhgap =hv +hw, the spectrum coincides with the Regge trajectories [40] [41] [42] [43] .
However, note that the OPE coefficients in the second assumption are not the same as the OPE coefficients in the (Virasoro) mean field theory.
Armed with these we can resum the Virasoro block expansion (2.26) quite easily, resulting in where ∆ gap = h gap +h gap and gap = h gap −h gap . The late time behavior is determined by the spin gap of the lightest non-vacuum Virasoro primary operator. If we further assume gap = 0 (we note that even if the lightest operator is spinless, the spectrum includes operators of arbitrary spin), then the second term is always smaller than the first term, and the result of the resummation just reduces back to the vacuum contribution. This is of course, rather simple-minded and the constraints we imposed on the spectrum and OPE coefficients are too unrealistic. It however, does raise the possibility that in a class of theories one might indeed recover the physics associated with just the Virasoro vacuum block. The main question of course, is whether it is possible to show either generically or in certain specific family of CFTs that the resummation reaffirms the vacuum block dominance. We will try to address this question by trying to bound various limiting situations in the remainder of this section.
Resumming heavy operators (h,h c)
The preceding discussions have demonstrated how precise resummation of the conformal block decomposition can lead to qualitatively different behaviors in the chaos regime for t ≈ t * . Let us review this in a language that is best suited to the analysis of OPE convergence, viz., the pillow frame discussed in §2.2.
The chaos limit we seek is the regime z,z → 0 with z on the second sheet in the standard cross-ratio variables. This translates to the limit q → i, i.e., q is approaching the boundary of the region where the V V OPE converges in the q coordinates, |q| < 1. We have illustrated a particular trajectory along which one might carry out the desired analytic continuation in Fig. 1 . As remarked above, we will now try to qualitatively assess the relative importance of the contributions of various subsets of the operators in the block decomposition.
To start, we first consider the contribution of the very heavy intermediate operators, for simplicity in a correlator of identical operators W = V . We will take these to be primaries whose conformal dimensions are larger than by some arbitrarily chosen threshold h 0 c, over the value
The contribution of the such intermediate operators in the OPE expansion can then be written as
We have simplified the sum by representing it as an integral over intermediate states, using the density of OPE coefficients
To resum (4.6), we need approximations for the density of OPE coefficients K(h,h) and the Virasoro blocks F h (z), for h,h c. We use the following universal features:
1. For the conformal blocks we use the expression (2.11) in terms of the pillow coordinate q(z). It is worth noting that that H h (q) → 1 as h → ∞, (2.12), so the full block in this limit is given by the universal prefactor
We emphasize that the only h dependence in the blocks in this regime is the exponential suppression q h .
2. The density of OPE coefficients K(h,h) for asymptotically heavy intermediate states can be determined by Cardy-like arguments, as shown in [44] . In particular, using the q coordinates, the crossing equation translates into a statement about the modular behavior of the Virasoro block decomposition under τ → −
2π , vacuum dominance in the β,β → ∞ limit, i.e., z,z → 0, and the asymptotic behavior of the blocks (4.8) leads to the following universal behavior of the OPE coefficients for heavy intermediate states h,h c: Here we have worked to order √ h in the exponent for simplicity; subleading corrections are readily obtained. We note that this expression is for the density of OPE coefficients, so that the average coefficients for large h,h can be found using the Cardy density of states:
Thus we are essentially including subleading corrections to the bound C 2 ∼ 16 −h−h at large h,h.
Combining these two ingredients, we see that the resummation (4.6) holomorphically factorizes and the resummation is governed by the following integral (we recall that |q| < 1):
where we have only kept terms to the order we are working, shifted the integration variable toh = h − c, and defined γ = − log q. This integral can be evaluated to yield
Here erfc(z) = 1 − erf(z) is the complementary error function, and in the second line we have kept only the leading term for large h 0 , using the asymptotic approximation
for |z| → ∞.
With this result, we can approximate (4.6) by
We can now continue this contribution to the chaos regime using (2.34) andq →z 16 asz → 0. The behavior of θ 3 (q) as q → i can be determined by the modular properties of θ 3 , which tells us
The limit (2.34) corresponds to τ ∼ 
where we have used θ 3 (τ → i∞) = 1. Taking the limits in (4.15), we end up with
where in the last line we have grouped all of the prefactors, which are sub-exponential in t, into P (x, t), which is explicitly given by
One can check that P (t → ∞) simplifies to a constant. The key takeaway of (4.18) is the manifest exponential decay in t, demonstrating that the contribution of the very heavy operators is suppressed in the chaos regime.
Resumming light operators (h,h
c)
The very heavy intermediate states are well under control and give a nicely decaying contribution. Let us now turn to the opposite regime where the operators being exchanged are light and estimate their contribution to the chaos correlator. The ingredients we will use are the 'sparse' density of states (see [2] ) and corresponding OPE coefficients determined in [23, 24] , as well as the semiclassical conformal blocks used in § 2.3. In [23, 24] it was demonstrated that requiring the vacuum block dominate the semiclassical conformal block expansion in the Euclidean regime 0 < z < 1 constrains the 'light' OPE coefficients C 2 V V (h,h) (smeared over the spectrum of operators near h,h) to behave as
which we assume holds for h,h < m v c, for some reasonable choice of m v (h v ) (see below). These results, as indicated by the notation, rely on the operators V and W being identical, so we have assumed that we can take C V V C W W . We expect that the results can be generalized, and proceed with the estimate without further ado. We shall work in the limit h v c, using the semiclassical blocks described above (expanding α ≈ 1 − 12 hv c , making use of our assumption that h v h w ), in which case m v (h v ) c ≈ √ 2 h v , Assuming the OPE coefficients saturate this bound in the regime h < c ≈ m v c with 1, we can estimate the contribution of a Virasoro block of conformal dimension (h,h) to the correlator as
where we introduced the spin = h −h and twist τ = (h +h) − | |, and the functions
We consider analytic continuation (1 − z) → e −2πi (1 − z), and take the small z,z and 
(z +¯ ).
(4.24)
In this limit, we see that the behavior of (4.21) is determined only by the spin but not the twist τ . This motivates us to sum over the contributions with spins in the range gap < < max ≈ c and a fixed twist τ < c − | |,
(4.25) This can be understood as summing over operators in a "quantum Regge trajectory" introduced in [43] , which arises when decomposing a T-channel Virasoro vacuum block in terms of S-channel Virasoro blocks. 10 10 The explicit formula of the quantum Regge trajectories is given in (1.8) of [43] . The spin of the operators generically are not integer; however, in the large c limit, they become non-negative integers. However, note that the OPE coefficients (4.20) used in the sum (4.25) are not the same as the OPE coefficients of the Virasoro mean field theory.
Using the asymptotic expressions (2.30) for z andz, we find that We see that the leading term in the square bracket grows exponentially in late time t ∼ t * 2π β , x, reflecting features we have seen earlier in the analysis. Clearly, the light operators by themselves would invalidate the conclusions inferred by truncating to the vacuum conformal block. One expects that the reconciliation of the growth with the chaos bound expectations reviewed in §2 will require cooperation of light and intermediate weight operators in the V V OPE. More explicitly, the leading term depends on the scheme dependent spin cutoff max , which with the dimension cutoff c sets an artificial boundary between the light and intermediate weight operators. Including the contribution from the intermediate weight operators is expected to remove the cutoff dependence of the correlator. A very plausible situation is that the leading term in (4.26) would be canceled by such contribution. On the other hand, the subleading term in (4.26) agrees nicely with our previous result (4.4) from a naïve resummation. Therefore, in order for the non-vacuum block contribution to be subdominant than the vacuum block, our result suggests that for holographic CFTs the quantum Ragge trajectories should admit extension to spin gap = 0 or 1.
Resumming large spin operators (h c,h < c orh c, h < c)
In this section we will resum the asymptotic tails of the quantum Regge trajectories introduced in [43] . As discussed there, the presence of the vacuum block in the T-channel conformal block decomposition can be used to extract S-channel OPE data using the Virasoro fusion kernel. For sufficiently light external operators (we shall again restrict to the case h v = h w for simplicity), the spectrum deduced in [43] holomorphically factorizes, with the chiral spectrum is supported on a discrete set of weights h m < c as well as continuous series for h > c and similarly for the antichiral part. The full operator spectrum is given by a product of the holomorphic and antiholomorphic pieces, leading to four regions in the (h,h) plane; this spectral data, extracted by the T-channel vacuum block, was termed Virasoro mean field theory (VMFT) in [43] . For unitary compact CFTs with c > 1 and a positive lower bound on the twists of non-vacuum primaries, the spectrum and OPE coefficients of primary operators with h c orh c universally approach those in the VMFT [43] . We have in fact already encountered a portion of this spectrum, namely in section §4.3, where we resummed the asymptotically heavy operators, h,h c. One can check that the spectral density we used matches that extracted via the fusion kernel in [28, 43] .
Furthermore, resumming the discrete-discrete part of the VMFT spectrum (in the large c limit we are interested in) reproduces the exchange of the vacuum operator in the T-channel, i.e. reproduces |1 − z| −2∆v , which is obviously non-singular in the chaos regime. In fact, in the large c limit this portion of the spectrum reduces, to leading order, to that of the familiar double-twist operators of global MFT spectrum.
In the rest of this section, we consider the asymptotically large spin portions of the VMFT spectrum, which arise from combining a discrete holomorphic operator with the continuous antiholomorphic spectrum (and vice versa).
We first consider the case with fixed h and varyingh. That is, we set h = h m ≡ 2h v + m + δh m (here δh m is an exact anomalous dimension due to summation of all multitraces built out of stress tensors) and integrate overh using the antiholomorphic half of the spectral density we used in §4.3. More concretely, as shown in [43] , the spectral density obtained from the fusion kernel factorizes into holomorphic and antiholomorphic pieces, with the antiholomorphic half given by κ(h), defined in (4.10) and the holomorphic half given by a residue of the fusion kernel:
Here S is the fusion kernel and α m is defined via h m = α m (Q − α m ) (where Q 2 = c−1 6 ), which rewrites a T-channel Virasoro block in terms of S-channel Virasoro blocks; we refer the reader to [43] for its explicit form (which we won't need in detail). The contribution of theh c portion of the mth quantum Regge trajectory is then given by
Res αs=αm S αs,1 ) F hm (z)I(h 0 ;q) , (4.29) where I(h 0 ;q) is given by (4.12). We want to continue this sum to the chaos regime. The antiholomorphic continuation is straightforward, since I(h 0 ,q) ∝qh 0 andq ∼z 16 in the chaos regime. For the holomorphic half, we can use the behavior of the semiclassical blocks in the chaos region described in §2.4. Combining the two pieces, we find 30) up to ratios of polynomials in t. Since by construction we have takenh 0 c, we see that the tail ends of each quantum Regge trajectory are in fact exponentially suppressed in the chaos region.
Here we have assumed that the holomorphic part of the OPE coefficients, i.e., Res S αs1 , does not have any interesting features in the large c limit. This can be ensured by taking h v sufficiently small, i.e., scaling sufficiently weakly with c. Explicit expressions for these residues can be found in [43] . In this case, the leading order residues are simply the (chiral half of) global MFT double-twist OPE coefficients. We leave a more detailed analysis of perhaps more interesting semiclassical limits to future work.
A similar story holds for theh fixed, h > h 0 + c trajectories as well. Using the factorized form of the OPE coefficients, one finds
Using (2.34), the contribution of this sector is again suppressed in the chaos limit, as the anti-holomorphic block is exponentially suppressed and one has
Prospects for intermediate operators (h,h ∼ c)
We have seen that while the contribution of the extremely heavy operators in the chaos limit is suppressed, the contribution of the light operators alone is not enough to resolve the discrepancy between an individual block's growth rate and the chaos bound. Going beyond the light exchanged operators presents a challenge that we have not been able to resolve yet. We now offer some thoughts on how one might proceed with getting an estimate from the intermediate operators.
As we have emphasized above, the resummation of the OPE requires three pieces of data: the density of primaries, the OPE coefficients, and the Virasoro blocks. In fact, the first two components can be constrained by the results of [23, 24] ; there it was shown that, under the assumption that the vacuum block dominates throughout the Euclidean regime 0 < z < 1 2 (which follows at large c from the bound used in §4.4), the OPE coefficients are fixed at leading order in large c for all h >m v c, wherem v c ∼ O(h v ) (cf., proposition 3 in [23] ). While the precise expressions are slightly involved, in principle we have a handle on the OPE coefficients weighted by the density of states.
The primary technical obstacle is determining the semiclassical Virasoro blocks for all exchanged operator dimensions, or at least the behavior in the chaos region q → i. These blocks are known to leading order for h c 1 (and hv c 1), which we have significantly exploited above. However, as far as we are aware, there are no results available thus far for intermediate-to-heavy exchanged operators for times of order the scrambling time t * .
In recent years there has been some very interesting progress in understanding the recursive determination of the pillow block H h (q), which allows for some progress in this front. In particular, [25] [26] [27] [28] has found, at least numerically and in some cases analytically, that the series coefficients in the q expansion of H h (q), 33) exhibit universal behavior in the n → ∞ limit. For example, 11 if h w 3 4 c h v , one has
(4.34)
Here we recall that h n = 0 for odd n in this OPE channel and c is defined in (2.13). Using this asymptotic series data, one can approximate the behavior of the block H h (q) near the boundary of the unit disk in the q plane by treating the series summation as an integral to find
where we have set q = iq, γ = − logq, and taken the c → ∞ limit in the last line. Sending q → i, one can check that γ ∼ −π 2 4 log(z/16) to finally arrive at
This power law behavior in z essentially cancels the power law prefactor in the full Virasoro block F h (z) (up to logarithmic corrections in z) and one is left with
From this, we see that the (holomorphic) contribution of the blocks to the four point function is exponentially suppressed,
2hvt , for q asymptotically close to q = i.
Unfortunately, this asymptotic behavior is probing q very close to the unit circle, which corresponds to very late times, while the chaotic behavior we are interested in is situated near the scrambling time. A simple way to see that we aren't quite seeing the physics we are interested in is that this limiting behavior is independent of the exchanged operator dimension h, whereas we expect there to be a delicate interplay among blocks near the scrambling time to be compatible with the chaos bound. It would be very interesting if one can push the asymptotic series coefficients further away from the unit circle to access times near the scrambling time t * , but we leave this to future work.
The AdS gravity story
The main thrust of our discussion has been to demonstrate that one needs to control contributions from operators with finite twist and large spin, to validate the truncation of the Euclidean correlator to the vacuum block, prior to analytically continuing to the chaos region. We now turn to analyzing the blocks directly from the bulk AdS dual, by examining the semiclassical gravitational picture. We briefly review the shockwave computation originally used to derive the chaos correlator in [35] , and show how to use a probe spinning particle to estimate the contribution from non-vacuum blocks.
Recall that when analytically continuing the Euclidean four-point function (2.1) to the OTO four-point function (2.6), the imaginary time i 's in (2.7) are assumed to be infinitesimal. The OTO four-point function is closely related to an expectation value in a thermofield double state [35] ,
where the state ψ is given by
This observable is obtained by analytically continuing the Euclidean four-point function (2.1) with finite imaginary time i 's as 12
τ is a regulating parameter replacing 1,2 which will show up in the final result. The thermofield double state is holographically dual to the eternal AdS black hole (BTZ black hole) background, with two asymptotic boundaries that correspond to two copies of the CFT [45] . In the h w , c h v 1 limit, the operators W 's create a shockwave in the BTZ black hole background. The V operators create a massive particle propagating in such background. The vacuum block contribution to the expectation value (5.1) can be computed by evaluating the on-shell worldline action of the massive particle [14] .
In general, the massive particle interacts with the shockwave beyond the minimal gravitational coupling. The non-minimal interactions originate from the exchanges of virtual particles, which generically carry nonzero masses and spins. The bulk exchange processes of virtual particles capture the contributions from the non-vacuum blocks to the expectation value (5.1). We verify this expectation by explicitly matching the non-vacuum blocks 12 More explicitly, we have
29) with the on-shell worldline actions for the massive particle created by the V operators and the exchanged virtual particles. First, in the §5.1, we consider the special case of scalar virtual particles and the nonvacuum blocks with h =h. Subsequently, in §5.2, we introduce the worldline action for spinning particles, and match their on-shell action with spinning Virasoro blocks. Some of the details relevant for the computation can be found in the appendices. The BTZ shockwave metric is reviewed in Appendix A. The geodesic equations in the BTZ shockwave background are solved in Appendix B. We also use this technology to compute the semiclassical blocks in Euclidean signature in Appendix C for completeness.
Scalar particle
As reviewed in Appendix A, the BTZ shockwave metric can be constructed by gluing two halves of the BTZ metric in the Kruskal-Szekeres coordinate with the gluing condition (A.9). We label a point on the left (right) boundary by x L(R) = (t, x) L(R) and a bulk point by x = (u, v, x). The metric depends on one function f (x) that depends on the energy injected by the shockwave into the spacetime. Following [14] we will parameterize this function as 13 Figure 4 : A sketch of the massive particle worldlines used for computing the chaos correlator from the bulk AdS geometry, depicted on the shockwave Penrose diagram.
Let L be a point on the left boundary at x L = (0, x) L , R be a point on the right boundary at x R = (0, x) R , and B be a bulk point at x B = (0 − , v B , x B ) ∼ = (0 + , v B + f (x B ), x B ). The 13 As described in Appendix A of [14] P is determined by computing the stress-energy carried by the shockwave. In writing this expression we have used the Brown-Henneaux relation correlator we want is approximated by the on-shell action of a massive particle. The trajectory of the particle comprises of three segments: propagation from the left boundary to the bulk LB, propagation from a bulk point to the right boundary RB, and a segment BS from B to a point S on the shockwave x S = (0 − , v S , 0) ∼ = (0 + , v S + f (x B ), 0). This is depicted in Fig. 4 . The action gets contribution from the three segments which are additive, viz.,
where the function L( x, y) is the geodesic distance between the points x and y. The weight factors of h v and h are assigned to the corresponding segments. The proper lengths of the worldlines LB, RB, and BS are explicitly given by
Without loss of generality, by assuming x > 0, and the worldline action is extremized at
We then have after plugging in the expressions for f (x) from (5.5) 9) which is consistent with CFT result, viz., 10) where G 0 (x, t) and G h,h (x, t) are in (2.29) . This is the desired generalization of the result in [14] for h = 0. In our configuration, the worldline action (5.6) is independent of v S . To determine v S , we move the point x S infinitesimally along the u-direction. The resulting worldline action is minimized at
(5.11)
Spinning particle
The motion of a spinning particle moving curved spacetime is described by the MathissonPapapetrou-Dixon equations [46] [47] [48] . In three dimensions, the Mathisson-Papapetrou-Dixon equation can be derived from minimizing the action [49] S =ˆds m g µνẋ µẋν + sñ · ∇n 12) where ∇ is the pullback of the covariant derivative, i.e. ∇ =ẋ µ ∇ µ . The λ i 's on the second line are Lagrange multipliers that impose the constraints, 13) which imply that the spinning particle is moving in the space directions i.e. |˙ x| 2 = 1. 14 Varying the action with respect to x µ gives the Mathisson-Papapetrou-Dixon equation 14) where the spin tensor s µν is given by
On the other hand, varying the action with respect to n andñ does not lead to dynamical equations, as shown in [49] . In fact, the action (5.12) is insensitive to small variations of the normal vectors n andñ along the trajectory, up to boundary terms [49] . On a locally AdS 3 metric, the constraints (5.13) give Consider covariantly constant normal vectors q µ (s) andq µ (s), which satisfy ∇q = ∇q = 0,
We can expandñ µ (s) in terms of q µ (s) andq µ (s) as n(s) = cosh(η(s)) q(s) + sinh(η(s))q(s). (5.20) 14 The action for a spinning particle moving in the time direction is given by modifying the n 2 + 1 on the second line of (5.12) to n 2 − 1.
The integral (5.18) becomes
which can be also written as 
, and we have
The orthonormal conditions (5.13) on the normal vectorsñ i andñ f givẽ
The above equations do not uniquely determineñ i andñ f . One need to specify boundary conditions on the normal vectors n andñ. A natural boundary condition at a cubic vertex is such that the normal vector n is perpendicular to the two-plane spanned by the three velocity vectors at the cubic vertex. By the conditions n ·ñ = 0, the normal vectorñ i is inside the two-plane. By this boundary condition, the normal vectorñ i is proportional to the difference of the velocity vectors (B.16) and (B.18) of the geodesics RB and LB at the point B. Explicitly, we haveñ
We do not have a general prescription for the boundary condition for a spinning particle trajectory ending on a shockwave. We will simply pick theñ f to be a constant (independent of x). The action S spin is
Again, we find 27) where the Virasoro block (2.29) with s = h −h = 0 can be written as 
Discussion
Motivated by the need to characterize explicitly the constraints on large central charge CFTs to admit a classical gravitational dual, we examined the OTO 4-point function which probes ergodic dynamics of the theory. We argued while the Lyapunov exponent attains its maximal value when one focuses on the contribution from the vacuum block alone, this does not suffice, as individual non-vacuum blocks make comparable or even larger contribution around the timescale of interest. This suggests an intricate conspiracy between non-vacuum blocks, which is eminently possible. We sought to understand whether this conspiracy could be quantified in terms of bounds on the OPE data, but lack of control on the generic OPE coefficients and the blocks themselves, prevented us from making quantitative statements. The results presented here should be viewed as a first step in a program of corralling the non-vacuum block contributions in the Regge regime in two dimensional CFTs. There are several approaches one could take to better the analysis presented herein. In higher dimensions, the Lorentzian inversion formula obtained in [50] provides us with a useful way to view the contributions from higher twist operators to the global conformal blocks. For Virasoro blocks one is stymied by the presence of twist-zero operators in carrying out the inversion. One can however attempt to use the analogous gadget for 2d CFTs, the Virasoro fusion kernel, as recently explored in [43] . We have undertaken some preliminary explorations in this front in §4, especially to bound the contribution of the very heavy and large spin operators, but the interesting regime where there is a non-trivial interplay between light and intermediate operators remains to be better understood. Fig. 5 displays a summary of the various regimes where we have estimates for the contributions to the chaos correlator.
It would also be useful to examine the OTO correlator in non-rational CFTs explicitly (even for moderate central charge) to understand better the contribution from the non-vacuum blocks. One could for example dissect the SYK family of models explored in [10] [11] [12] to understand better how the non-vacuum blocks conspire to bring down the chaos exponent to a sub-maximal value. For instance, the models explored in [12] admit a one-parameter extension where one can tune the Lyapunov exponent between zero (the integrable limit) and a sub-maximal value. One can imagine being able to discern how higher spin states start getting lifted as we tune away from the integrable point. These exercises would be interesting to carry out and hopefully will teach us how we can assemble a list of criteria for putting together a holographic CFT.
A BTZ shockwave metric
The non-rotating BTZ metric in the Kruskal-Szekeres coordinate is given by (setting AdS = 1)
In this coordinate, the horizon is at uv = 0, and the future and past singularities are at uv = 1. There are two disjoint boundaries at uv = −1. Under the coordinate transformations
the asymptotic regions v ≥ 0 ≥ u and v ≤ 0 ≤ u can be transformed to the more standard BTZ blackhole metric,
For computational convenience, we will sometimes use the Poincaré coordinate, Next, let us introduce a shockwave, which is a delta function source of energy momentum tensor localized at u = x = 0,
The metric ansatz of the shockwave is given by
where we have assumed r + = 1 for simplicity. The Einstein's equations G µν −g µν = 8πG N T µν gives (using
Equivalently, the shockwave geometry can also be realized by gluing the u < 0 and u > 0 parts of BTZ metric with a glueing condition [35, 51] 
B Geodesic equations
In this section, we solve the geodesic equations in the shockwave background (A.7).
B.1 Away from the shockwave
Away from the shockwave u = 0, the geometry is locally AdS 3 and can be described by the Poincaré metric (A.4). We will work in the region v ≥ 0 ≥ u. The results for the region v ≤ 0 ≤ u can be obtained by first flipping the signs of both the u and v, and shifting the v-coordinate by (A.9). The geodesic equation in the Poincaré patch of AdS 3 is
where the dot '·' denotes derivative with respect to the proper distance s normalized by the equationżż
2)
The solution to the geodesic equation is given by
Integrating the equation (B.2) gives the geodesic distance between the points x i = (z i ,z i , y i ) and
Using the coordinate transformations (A.2) and (A.5), we find the formula for the geodesic distance in the Kruskal-Szekeres coordinate,
The geodesic distance diverges when we take the point x i approaching the boundary,
where the r i and t i are the coordinates defined in (A.2). We define the regularized geodesic distance of a boundary point x i = (x i , t i ) and a bulk point
Finally, the geodesic from a boundary point x i = (z i ,z i ) to a bulk point x f = (z f ,z f , y f ) can be described by
which is obtained by eliminating the s i dependence in (B.3) by using (B.4), and taking the y i → 0 limit.
B.2 Crossing the shockwave
In the section, we study the geodesic equations for a geodesic that crosses the shockwave at u = 0. The geodesic equations on the shockwave background (A. are given in (B.12).
2. RB geodesic The trajectory of this geodesic is simply given by flipping the signs of both u and v of the geodesic LB. The velocity vector at s = s f is given bẏ
) ,
.
(B.17)
The velocity vector at point B is given bẏ 
C Semiclassical block and worldline action in Euclidean signature
In this appendix, we consider the Euclidean semiclassical Virasoro blocks with spinning intermediate operators (s = h −h = 0), and match them with the on-shell worldline action of spinning particles. We consider scalar external operators h 1 =h 1 = h 2 =h 2 = h v and h 3 =h 3 = h 4 =h 4 = h w , and focus on the following two limits:
1. Heavy-light limit: 
C.1 Heavy-light limit
The semiclassical heavy-light limit of the Virasoro block (2.22) corresponds holographically to a worldline action on the background of a conical defect [34] . The pair of heavy operators W 's create a conical defect geometry, and the bulk dual of the pair of light operators V 's B (bulk point C) is in the φ-direction (τ -direction). Parallel transporting from B to C along the ρ-direction would not changeñ. Hence, the action S spin is simply given by
and e −S spin precisely gives the phase of z 2hwz2hw F(h, z)F(h,z)| w=w in (C.6).
C.2 Light limit
Let us parametrize the following configuration of the four-point function
The cross ratio is z = 4ρ 2 (1 + ρ) 2 .
(C.9)
The semiclassical block in the light limit takes a simple form as
Plugging (C.10) into (2.4), we find
The factor (4ρ) h (4ρ)h is equal to an on-shell worldline action in Euclidean AdS 3 . We will work in the Poincaré patch, 12) where the boundary is at y = 0. Let us introduce two bulk points x a = (z = 0, y = y a ) and x b = (0, y b ). Consider two geodesics from the boundary points z 1 and z 2 to the first bulk point x a , and another two geodesics from the boundary points z 3 and z 4 to the second bulk point x b . We introduce one more geodesic from the bulk point x a to the bulk point x b . The worldline action is given by S = S wl + S spin ,
where S spin is given by (5.21), and for Euclidean signature we have η = iθ, S spin = i(h −h)(θ f − θ i ).
(C.14)
Using (B.4) and (B.7), the S wl is given explicitly by To determine the S spin , let us denote the difference between the velocity vectors of the geodesics z 1 x a and z 2 x a at x a by ∆v a , and the difference between the velocity vectors of the geodesics z 3 x b and z 4 x b at x b by ∆v b . The normal vectorñ at x a (or x b ) is proportional to ∆v a (or ∆v b ). Since ∆v a and ∆v b has no component in the y-direction, the parallel transport along the y-direction would not change ∆v a and ∆v b . The θ f − θ i is the angle between ∆v a and ∆v b , and we have
Putting everything together, we find
